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Induct ion  Heat ing  of Flat  Objects  

E. HOROSZKO, Krak6w, Polen 

Contents : I t  is a usual procedure in indus t ry  for various machine elements like metal plates of different thickness to be heated 
inductively with a frequency within the range 5 ~ Hz to 3 Mttz. The paper discusses the problem of finding the best  method in 
this respect with the op t imum heat ing parameters.  

Three different induction heat ing sys tems of plates are analysed : unilateral and bilateral heat ing with compatible and inverse 
currents. The discussion, calculation and conclusions given in the paper can be also applied in reference to plates of an irregular 
shape. 

Ubersicht:  Es ist in der Industr ie  ~iblich verschiedene Maschinenelemente wie Metallplatten yon unterschiedlicher Dicke mit  
Frequenzen zwischen 5 ~ Hz und 3 MHz indukt iv  zu erw~rmen. F[lr diese Zwecke wird in diesem Aufsatz das Optimierungs- 
problem yon Erw/i rmungsparametern  betrachtet .  Es werden drei verschiedene Indukt ionserw~rmungssys teme von Plat ten 
analysiert:  ein- und  zweiseitige Erw/~rmung dutch gleich- und  entgegengerichtete Str6me. Die angegebenen Betrachtungen,  
Berechnungen und Ergebnisse k6nnen auch auf die Indukt ionserw~rmung von zylindrischen Pla t ten  angewendet  werden. 

1. Introduction 

Induct ive heating very often means heating fiat 
objects, e.g. metal  plates of different thickness. These 
are usually elements which are heated with a fre- 
quency within the range 5o Hz to 3 MHz, either 
thoroughly with respect to the plastic working or to 
the heat  t rea tment  of the metal  element, or are 
heated on the surface only for the purpose of harde- 
ning. 

Flat  metal  objects as well as those of a cylindrical 
shape which are also frequently used are the typical  
machine elements used in induction heating. All the 
other possible shapes of objects can be nearly always 
reduced in theoretical and technical consideration 
to a flat or a cylindrical shape. 

The elements in question are most ly  objects of 
mass industrial production for which the problem 
of heat  t rea tment  and induction heating must  be 
solved in the best possible way, i.e. with the opt imum 
heating parameters  with regard to the thermal  pro- 
cess itself, or because of economic and technical 
aspects of the heating process, e.g. high heating rate, 
minimum electric energy consumption, required tem- 
perature distribution, etc. 

I t  is common "practice in industry to heat  flat 
objects unilaterally or bilaterally by  induction i.e. by  
means of an appropriate ly  shaped heating inductor 
which is applied to one side of the heated object, or 
by means of two inductors applied to both sides of it. 
The inductors are the source of an electromagnetic 
wave which penetrates the surface of the heated 

object, supplying the electric energy converted into 
heat. 

The electromagnetic field which has been generated 
in this way is characterized by  the three vectors:  tile 
intensity of the magnetic field H,  of the electric 
fieldE, and by  the Poynting vec torS .  The correspond- 
ing induction system with the inductor w and with 
the three vectors marked on the surface of a flat 
object p of a thickness d are shown schematically in 
Fig. 1. 

In  the case shown in Fig. 1 a the object  is heated 
unilaterally, while in the other two cases the object 
is heated bilaterally by  means of two inductors; in 
the case l b the induced currents are compatible 
with a regard to their direction and phase, e.g. both  
inductors w are supplied paralelly or in series from 
the same source; in case lC the induced currents 
are inversed, e.g. both inductors are supplied se- 
parate ly  from two different sources. All the three 

~ ;2//2//2/22, S; S~ ~////////~ 

a. b c 

Fig. 1. Induct ion heat ing sys tem of plates: a) unilateral  
heating, b) bilateral heat ing with compatible currents,  c) bila- 

teral heat ing with inverse currents 
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134 E. Horoszko : I n d u c t i o n  H e a t i n g  of F la t  Objects  

vectors of the generated field are perpendicular to 
each other in all the three induction systems shown in 
Fig. 1. We assume idealized operation conditions for 
these systems, i.e. that  the inductors are fed with 
sinusoidal currents within a frequency range used 
in inductive heating, and the physical properties 
of the material of the object, i.e. its permeability 
#--~ #o#r and conductivity 7 are constant and in- 
dependent of the heating temperature and of the 
intensity of the magnetic field. 

I t  is assumed further on that  both the heated plate 
and the inductors extend infinitely along and across, 
and for our purposes we shall limit our considerations 
to tome section of such an inductive system. In this 
case we shall have to do with a homogeneous plane 
wave falling on one or on both sides of the metal 
plate, the vectors E o, I t  o, S O on its surface being 
identical at each point. The changes of the field occur 
only inside the plate, in its thickness d. Thus the 
field parameters, e.g. at an arbitrary point A at 
a distance x from the surface will be exclusively the 
function of the distance x. 

Of the three induction systems shown in Fig. 1 
the system 1 a illustrating a unilateral heating of the 
plate may be assumed as the basic one, since the 
systems l b  and lC may be regarded as a superposi- 
tion of two systems of the type 1 a on both sides of the 
plate. 

Though in the literature [1--3] cases of propagat- 
ion of an electromagnetic plane wave have been 
discussed theoretically they have been treated only 
partially. If  we discuss this problem on a broader 
basis, however, as a problem of induction heating 
of flat objects we may reach conclusions and results, 
which are of interest for practical application. Such 
an approach to this problem is the subject of the 
present paper. 

2. Uni la tera l  heat ing  of a plate 

The characteristics of a heated flat metal plate of 
any thickness may be known by determining the 
distribution of the electromagnetic field inside it, 
i.e. the intensity of the electric and the magnetic 
fields, the current density and the power density 
W/cm ~ in the plate. For this purpose it is best to 
start with Helmholtz general differential equation 
which determines the field intensity H according to 
the distance x,  namely: 

82H 
- - -  k ~ = o ( 1 )  
8x2 

where at the depth penetration" 

/ ~ ] 
g = [/ 

there,is the argument" 

k --  -- V'2j - . 
g 

A general solution of Eq. (1) is the binomial of the 
exponential functions : 

H = A exp ( - - k x )  - -  B exp (kx) (2) 

whereas the density of the electric field is determined 
on the basis of Maxwell's law: 

1 

E = - -  rot H ), 

by differentiating Eq. (2) and considering that  in the 
system of the orthogonal coordinates we have: 

aH 
rot H = -- - -  �9 

5x 

We obtain then a formula analogical to (2), deter- 
mining the intensity of the electric field: 

E = k EA exp ( - - k x )  - -  B exp ( k x ) l .  (3) 
7 

Both fqrmulae: (2) and (3) determine the distri- 
bution of the electromagnetic field inside the plate 
depending on its thickness x. On the surface of the 
plate where the wave is entering, we have the 
assumed field intensity H 0 and Eo, on the other, 
outer surface of the plate we shall already have 
different intensity values: let's denote them by H~ 
and E 1. This intensity can be also determined on 
the basis of Maxwell's laws and on the assumption 
that the space behind the plate extends infinitely 
and does not conduct the current, having a dielectric 
constant s = e 0 �9 % namely" 

8E 1 8I/1 
rot H 1 = e0s r ~ / - ,  rot E 1 = - -  # 0 ~ L r  8 t  (4) 

Assuming, as before, that  both H I and E t are sinus- 
oidal, the first from the above equations (4) will take 
the following form: 

ro t / /1  = jCOeoerE1 (5) 

After appropriate transformations of the second 
equation (4) we obtain successively: 

t 

1 8 H  1 
jO~oe~ rot ro t / /1  = --  #o#r st. --  J~~176 

82Hi 
8x2 - -  j %O2eoer#o#rH1. 

Arch. /. Elektrotechn. Bd. 57, H. 3 (197,5) 

www.u
ih
m
.c
om



E.  H o r o s z k o  : I n d u c t i o n  H e a t i n g  o f  F l a t  O b j e c t s  135 

Assuming  in the  cons idered  space beh ind  the  p la te  
er : 1 and  #3 = 1, and  p u t t i n g  

k 2 = j ~ o % ~  o 

we ob t a in  t he  f inal  d i f fe ren t ia l  equa t ion  

a ~  k2H~ = o .  

A genera l  solut ion of this  equa t ion  is the  r e l a t i on :  

Ha = C exp ( - - k l x )  - -  D exp  (klx) . (6) 

The  second m e m b e r  of the  above  equa t ion  (6) re- 
p resen t s  a re f lec ted  wave ,  and  consider ing t h a t  such 
a wave  doesn ' t  exis t  as the  space beh ind  the  p l a t e  
ex t ends  in to  inf in i ty ,  the re  m u s t  be D = o. Hence  
the  las t  equa t ion  (5) assumes the  form 

//1 = C exp ( - - k ~ x ) .  (7) 

The in t ens i t y  of the  electr ic  field beh ind  the p la te  
m a y  be d e t e r m i n e d  in the  basis  of Eq.  (5): 

a k 1 
E 1 - -  jcos ~ ro t  H a = jweo C exp ( - -kax)  . (8) 

In  the  o b t a i n e d  re la t ions  (2), (3) and  (7), (8) which 
de t e rmine  the  i n t e n s i t y  of the  field inside the  p l a t e  
and  beh ind  it,  t he re  a p p e a r  the  i n t eg ra t i on  cons tan t s  
A ,  B ,  C which can be d e t e r m i n e d  f rom the  b o u n d a r y  
condi t ions  of the  cons idered  induc t ive  sys tem,  na -  
m e l y :  

for x : o H : H 0 

f o r x : d  H I = H ~ d  and  E I = E ~ d  

P u t t i n g  these  condi t ions  in to  the  genera l  re la t ions  (2) 
(3) and  (7) (g) we ob t a in  a set of th ree  equa t ions  which  
al low to de t e rmine  the  looked for i n t eg ra t ion  con- 
s t an t s  : 

H o = A + B  

A exp ( - - kd )  -~ B exp  (kd) = C exp (--kad) (9) 

k [A exp ( - - kd )  - -  B exp (kd)] : .ka C exp (--k~d) 
y - jcoe o 

Div id ing  the  las t  two equa t ions  the  one b y  an- 
o the r  we ob t a in  the  fol lowing r e l a t i on :  

A e x p  ( - - k d )  + B e x p  (kd) jo~ke o 
- -  ( 1 0 )  

A e x p  ( - - k d )  - -  B e x p  (kd) yh 1 

in which the  r igh t  h a n d  side p r a c t i c a l l y  a p p r o x i m a t e s  
zero. 

I n  induc t ion  hea t ing ,  wi th in  the  range  of the  a p p -  
l ied frequencies,  we have  to do wi th  var ious  meta l s  in 
va r ious  he a t i ng  s ta tes .  Thus  we have ,  e.g.:  

for  copper  a t  t emp.  20 ~ and  50 Hz  

= 1.75 �9 lO -6 f~ cm;  g ~ 0. 9 cm 

for mo l t en  copper  a t  50 Hz  

~'~ 2 5 . 1 0  - 6  ~ cm; g m 4 cm 

for mo l t en  cas t - i ron  a t  5o Hz  

o ~ 14O.lO .6 f~ cm;  g ~ 9 cm 

for wrough t  steel  a t  t emp.  2o ~ and  a t  1 MHz  

~ 4.1o -~ f2 cm;  g ~ 0.003 c m .  

Thus  the  va lue  of re la t ion  (lo) wi th in  the  range  of 
the  p r a c t i c a l l y  used me ta l s  is 

�9 , e ~ / eV  
_ (1 + , / - -  

Ykl g ~ , 0  

= (1 -{- j )  ( 5 . 2  " "  3 . 5 5 0 )  �9 1 0  -10  ~'~ O .  

Consequen t ly  we m a y  wr i te  

A exp ( - - kd )  = - -  B exp (kd) 

B = - -  A exp  ( - -2kd)  

B y  means  of the  f irst  f rom the  group  of the  th ree  
equa t ions  (9) we m a y  f ina l ly  de t e rmine  the  cons t an t s  
A and  B, n a m e l y  

H 0 = A [1 - -  exp (--2kd)J , 

1 

A = H 0 a - exp (--2kd) ' ( 1 1 )  

e x p  ( - -  2kd) 
B : - -  H e 

a - -  e x p  ( - - 2 k d )  

F r o m  the  second equa t ion  of t h a t  group (9) i t  
follows t h a t  

H l = C e x p ( - k x d  ) = o .  

Hence  the  i n t e n s i t y  of the  m a g n e t i c  field beh ind  the  
m e t a l  p la t e  equals  zero. Thus,  for the  range  of 
i ndus t r i a l  f requencies  and  k inds  of me ta l s  p r a c t i c a l l y  
used  in i nduc t i on  hea t ing  the  e l ec t romagne t i c  wave  
does no t  p e n e t r a t e  the  p la te  which behaves  s imi l a r ly  
to a m a g n e t i c  screen.  

Bas ing  on the  ca lcu la t ed  in t eg ra t ion  cons t an t s  (11) 
i t  is poss ible  to de t e rmine  the  field p a r a m e t e r s  inside 
the  p la te ,  n a m e l y  

H = H o e x p  ( - - k x )  - -  e x p  ( - - 2 k d )  e x p  (kx) __ 

1 - -  e x p  ( - - 2 k d )  

= H o  e x p  [k(d --  x)]  - -  e x p  [ - -  k (d  --  x)]  

e x p  (kd) - -  e x p  ( - - k d )  

A r c h . / .  Elehtrolechn.  Bd .  57, H .  3 (1975)  
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136 E. Horoszko: Induction Heating of Flat Objects 

and replacing the exponential  functions by  the hyper-  
bolic ones we obtain the final relation for the inten- 
si ty of the magnet ic  field inside the plate 

sinh [k(d -- x)] 
H = H 0 sinh (kd) (12) 

whereas the in tensi ty  of the electric field m a y  be 
determined by  means of the first Maxwell equat ion 

k eosh [k(d -- x)J 
E = H o (13) 7 sinh (kd) 

as well as the current  densi ty  inside the plate:  

cosh [k(d -- x)] 
i~ : H~ s i n h  ( k d )  (14)  

The four th  quan t i t y  characterizing the energetic 
properties of the field is the volume densi ty  of the 
heat ing power W / c m  3 inside the plate, which can be 
determined from Joule 's  law, using Eq. (14): 

P = ~ i  ~ = ~ (Hok) ~ cosh~ [k(d - -  x)] 
~y si~h'~ (kd) (15) 

The above determined four parameters  charac-  
terize sufficiently the field distr ibution inside the  
plate, bu t  the mos t  convenient  wa y  to find out  its 
properties is to represent it in the form of a graph. 
For  this purpose the above field parameters  mus t  be 
defined as absolute quanti t ies,  and then we obtain 
successively 

] 2(d -- x) 2(d -- x) 
cosh c o s -  

Igl = No g g 2d 2d 
G o s h -  -- C O S -  

g g 

g 2  ~ c o s h - -  
IEI = Tg  H0 

2(d -- x) 2(d -- x) 
@COS 

g g 
2d 2d 

cosh - - - - cos  
g g 

(16) 

/ c o s h  2(d -- x) + cos 2(d -- x) 
2 g g 

Iil = ~- H0 2d 2d 
G o s h -  -- c o s -  

g g 

2(d -- x) 2(d -- x) 
1 ( ? ) ~  c ~ 1 7 6  g 

iPl = ~ ~d 2d 
G o s h -  -- cos -- 

g g 

(17) 

(is) 

(19) 

To represent graphical ly  the propagat ion  of the 
electromagnetic  wave in an induct ively  heated  plate 
the best  way  is to consider the ratio of the field 
intensity,  current  and power densi ty  inside the plate 
to the field intensity,  current  and power densi ty 

occurr ing on its surface, i.e. H / H  o and E/Eo,  i / i  o and 
P/Po. Determining  thus the field parameters  for 
x = o by  means of relations (16) to (19) we obta in  

[HI . . . .  cos g 

IHol c o s h ~ - - c o s ~  
(20) 

Gosh 2(d -- 2) +cos  2(d -- x) 
IEL lil g g 
IEol liol 2d 2d , (21) 

c o s h - - + c o s - -  
g g 

cosh 2(d--x)  2(d-- x) 
COS IPl g g 

(22) 
c o s h - - + c o s - -  

g g 

We shall represent graphical ly  the par t icular  values 
of the above relations (2o), (21), (22) depending on 
x/d  for plates of different thickness, de termined by  
the rat io dig as well as for various metals  and  fre- 
quencies used pract ical ly  in industry .  T h e y  have 
been calculated for the  whole range x/d  = o ... 1.o 
and for the a rguments  corresponding to pract ical  
applications in industry,  thus for d/g ----- o.5 ' "  lO to 
5o. T h e y  have been pu t  toge ther  in Table 1. 

On the basis of the da ta  f rom Table 1 there have 
been prepared diagrams shown in Fig. 2. 

The diagrams show the propagat ion  of an electro- 
magnet ic  field inside the plates. Their  charac ter  is in 
general known from the li terature,  however  the 
pract ical  conclusions which can be drawn from them 
m a y  be of interest  for induct ion heat ing of flat ob- 
jects. 

The greates t  field parameters  occur on the sur- 
face of a plate where the wave is falling, and inside 
the plate they  become smaller reaching min imum 
values on the reverse surface of the plate. Thus  the 
field distr ibution inside the plate is not  uniform, the 
greatest  in tensi ty  of the magnet ic  field H 0 being 
on the surface, and  on the other  side H = o. Wi th  
the small ratios dig =< 1 the in tens i ty  decreases near ly  
linearly, with greater  ratios the dis tr ibut ion of H 
resembles an exponential  function. 

The current  densi ty  i and at the same time the  
in tens i ty  of the electrical field E in the plate are not  
dis tr ibuted uniformly,  either. When  the plates are 
not  very  thick, with dig <= 1, the difference in uni- 
formi ty  is not  too great,  and then the current  densi ty  
on the opposite surface of the plate diminishes by  
ca. 23% of the current  densi ty  on the entrance sur- 
face. However,  when the plate is somewhat  thicker,  

Arch. ]. Elektrotechn. Bd. 57, H. 3 (1975) 
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T a b l e  1. E l e c t r o m a g n e t i c  f i e ld  p a r a m e t e r s  in  a p l a t e  h e a t e d  u n i l a t e r a l l y  

x d 

d g 

0. 5 1.o 2 .0  3 .0  6 .o  lO.O 5 ~ 

137 

H o . o  1 , o  1 ,o  1 . o  1 . o  1 , o  1 . o  1 , o  

H--~ o .25  o .75  o .73  o .63  o .48  o .22  o .o8  o .o  

0 .5  o .5o  o . 4 9  o . 3 9  o .23  o .o  5 o .o  o .o  
o .75  o .25  o .24  o .19  O . l l  O.Ol o .o  o .o  
1.o o .o  o .o  o .o  o .o  o .o  o .o  o .o  

/ ~  i O.O 1 ,O 1.O 1 .O 1 . 0  1.O 1 .O 1 ,O 

E0 i0 0"25  0 . 9 9  0 .85  0 .58  0 .47  0 .22  0 .08  o .o  
0 .5  0 .98  0 .79  0 .35  0 .25  0 .05  o .o  o .o  
0 .75  0 .98  0 .78  0 .28  o . l o  o . o l  o .o  o .o  

1.o 0 . 9 8  0 .77  0 .27  0 .09  O.Ol o .o  o .o  

0 .O 1,O 1 .O 1 . 0  1.O 1.O l .O 1.O 

P0 0 .25  0 .98  0 .72  0 .34  o .22  o .o  5 O.Ol o .o  
0. 5 o .96  o .62  o .13  o .o  5 o .o  o .o  o .o  

0 .75  0 .96  0 .60  0 .08  O.Ol o .o  o .o  o .o  
1.o 0 .96  o .6o  o .o8  o . o l  o .o  o .o  o .o  

e.g. d/g = 2, then the loss of current density amounts 
to ca. 73%. 

The distribution of power density inside a plate 
shown in Fig. 2c is of greater interest for induction 
heating. 

When the plates are not thick, with d/g <= 1, 
induction heating is fairly uniform. With d/g = 1, 
the loss of power density equals 4oO/o . This condition 
will be oI interest for a thorough induction heating 
of metal  plates. With plates of greater  thickness 
however, the generated Joule 's  heat is distr ibuted 

very unevenly, and thus, for example, with d/g ~ 2 
the power density on the reverse side of the plate 
decreases by  92% of the power density on the ent- 
rance surface. With still thicker plates, when dig > 3 
the production of heat diminishes entirely already at 
x/d ~ 05.  

From the practical point of view we are most ly  
interested in the total  heating power formed inside 
the plate which may  be determined by means of 
relation (15) and (19). We shall determine it for 
a unit surface 1 cm ~ of the plate cross section in 
W/cm 2. 

1,0 
i 

0,8 

I 0,6 

~g ,4  

0,2 

0 
0 . 0,25 050 055 1,00 

x/d---.---..- 

t,0 , / 1,0 

2,8 - -  0,8 

2.6 I 0,5 

0.2 , ,  ~ . ~  "-.--.---- 0,2 

0 0 
0 0,25 0,50 

X/#= 

0 

0.75 1,00 0 0,25 0,50 0,75 120 
xld 

F i g .  2. D i s t r i b u t i o n  of  f i e l d  p a r a m e t e r s  i n s i d e  a p l a t e  h e a t e d  u n i l a t e r a l l y :  a) m a g n e t i c  f i e ld  i n t e n s i t y ,  
b) e l e c t r i c a l  f i e ld  i n t e n s i t y ,  c) p o w e r  d e n s i t y  
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d d 

P = p dx = ~ (Hok) 2 dx = 
s i n h  ~ (kd) 

o o 

d 

1 2 f c o s h  2(d  - -  x) 2 (d  - -  x) 
- -  "@ C O S  - -  

2d 2d 
7 ~ c o s h -  - -  c o s - -  

o g g 

2d  2d  
s i n h  - -  + s in  - -  

Hi g g 
- -  2 g  7 2 d  2 d  (23) 

c o s h -  - -  c o s -  
g g 

I t  can be seen from the above relation (23) that  the 
total  power of the plate depends not only on the 
electrical parameters of the plate and the field inten- 
sity H, but  also on the thickness of the plate, or 
rather on the ratio dig, which is taken into consi- 
deration by the coefficient 

2 d  2 d  
s i n h  - -  + s i n -  

,~__ g g . 
2d 2d 

c o s h -  - -  c o s -  
g g 

This coefficient is the function of the ratio dig and 
when the plate thickness d increases infinitely rela- 
tive to the penetration depth g, it assumes the value 
2 = 1, and then the heating power in the plate is 
defined by the formula 

H o  2 
P ~ -  - - .  ( 2 4 )  

2 g 7  

From the point of view of the heating power pro- 
duced in the plate we are interested in the change 
of the function 2 -= f(d/g), which is represented by the 
diagram in Fig. 3 made on the basis of Table 2. 

From the diagram shown in Fig. 3 it follows that  
the greatest heating powers are formed inside thin 
plates, when their thickness is dig < 1, 2. Starting 
with the ratio d/g ~ 1.2 the value of the function is 
), = 1, with only small deviations, and then the 
heating power also retains approximately the value 
defined by relation (24). With dig = =/2 function ), 
reaches its minimum, and then the heating power also 
reaches its minimum value, equal to 92% of the 
power defined by relation (24). With the plate thick- 

5 

4 

2 

1 

j Z = f ( d / g }  

1 2 

r 
3 4 5 5 

dlg  ~ 

F i g .  3. D i a g r a m m  of  t h e  f u n c t i o n  ;t = f(d/g) of a p l a t e  h e a t e d  

u n i l a t e r a l l y  

ness increasing further on, the heating power remains 
approximately the same, its value being defined by  
formula (24). Then the function 2 attains its minimum 
and maximum values, which, however, are close to 1, 
which from th e practical point of view can be neglec- 
ted. Thus, for example, with d / g =  ~ we have 

= 1.oo4. 
The thickness of a plate may theoretically increase 

up to d = oo, and then we have an extreme case of 
unilateral heating of a very thick plate. The distri- 
bution of the electromagnetic field in such plates 
can be determined by  means of simple mathematical  
formulae. Starting with formulae (12) and putting 
in it d = oo we obtain after mathematical  trans- 
formations the familiar relation which determines the 
magnetic field intensity in a thick plate,: 

H = H 0 exp ( - -kx )  (25) 

and having taken into consideration the absolute 
quantities we have 

[H[ = H0 exp ( - -  ~- ) . (26) 

Using the same method it is possible to determine 
the intensity of the electrical field and the current 
density starting with the formulae (13) and (14): 

E = k H  0 e x p ( - k x ) ,  i = k H  o e x p ( - k x )  (27) 
7 

T a b l e  2. F u r r c t i o n  }~ = [ ( d ) o f  a p l a t e  h e a t e d  u n i l a t e r a l l y  

d - -  o o.1 0 .2  0 ,3  0 .5  o .75  1.o 1 .57 2 .0  3 .14  5 .0  l o . o  
g 

~t o~ 1o .oo  5 ,oo  3 .34  2 . o l  1 .38 1 .o9 0 .92  0 .95  1 .oo 1 .oo  1 ,oo 
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E. Horoszko: Induction Heating of Flat Objects 139 

and in terms of absolute quant i t ies  we have :  

[El = - ~  Ho exp - -  , 

I/I = ~ -  Ho exp ( - -  ~ - ) .  

(28) 

Whereas  the power densi ty  calculated by  means  of 
Joule 's  law and current  densi ty  (28) is 

(29) 

while the tota l  heat ing power produced in a plate of 
a thickness d = oo, in its cross section 1 cm ~ is 

0 ( 2  

P = f p  dx = Hi - - .  

2gy 
O 

(30) 

The propagat ion  of an electromagnet ic  field of 
a thick plate heated  uni lateral ly  by  induct ion can be 
obta ined by  relat ing the changes of its parameters  to 
the parameters  occurr ing on the ent rance  surface of 
the plate, i.e. 

P /-/ __ E _ i _ e_X/g and Po = e - 2 x / g  
H0 E0 i0 

depending on x /g .  

This has been shown below, in Fig. 4 basing on the 
values of funct ion e -xlg and e -~x/r, included in 
Table 3. 

Table 3. The changes of the values e-xlg and e-2xlg 

x/g o.o 0.5 1.o 2.0 3.0 5.0 

e-X/g 1.o o.61 0.37 o.14 0.05 o.ol 
e--2x[g 1.o 0.37 o.14 o.02 o.o o.o 

08 
1 

t 0.6 

g O , 4  

0,2 

IH/HooE/Eo 

2 3 4 
x/g 

Fig. 4. Field parameters ill a thick plate 

When  interpret ing the  results shown in Fig. 4 
we can state  t ha t  the field densi ty  and the  current  
densi ty  pract ical ly  disappear  already at a depth  
x = 5g, whereas the  power densi ty  p disappears at 
a depth  x = 3g- At  the depth  x = 3g the current  
densi ty  decreases to 5% of current  densi ty  occurr ing 
on the surface, and  the power densi ty  diminishes to 
p = o. On t h a t  basis we can reach the pract ical  
conclusion t h a t  a flat metal  plate  of a thickness 
d = 3g, heated  induct ively  by  a plane electro- 
magnet ic  wave m a y  be regarded as a thick plate  in 
which the  wave propaga t ion  m a y  be analyzed ac- 
cording to formulae (27) ' "  (3o). Flat ,  th inner  plates 
of a thickness d < 3g should be deaIt  with according 
to more complicated mathemat ica l  formulae (lo) to 
(22). 

3. B i l a t e r a l  h e a t i n g  o f  a p l a t e  

A flat plate m a y  be heated induct ively  bi lateral ly 
as i l lustrated by  two examples shown in Figs. l b 
and lC, i.e. by  means of currents  induced on bo th  
sides of a plate  and directed compat ibly,  or inversed. 
Let  us first consider a case in which an a rb i t ra ry  
flat plate is heated bilateral ly as shown in Fig. 1 b. 
Then,  according to the assumptions the intensities 
of the electric field E'o and E o' occurr ing on both  sides 
of the plate are equal regarding their moduli,  phase 
and direction. However ,  their magnet ic  field densities 
Ho and H~ have opposite directions and their modnli  
Ho are equal as well. 

Inside the plate  the induced currents  will flow 
in one and the same direction corresponding to the 
in tensi ty  of the electric field. At  an a rb i t r a ry  point  A, 
at  a distance x from the left surface of the plate there 
will appear  the electric field intensities E '  and E "  
and the magnet ic  field intensities H '  and H " ,  the 
resul tant  field parameters  being 

H = H '  - -  H " ,  

E = E ' + E " .  

Both  parameters  given above m a y  be de termined on 
the basis of the already derived relations (12) and 

(13): 
sinh [k(d -- x)] 

H '  -~- H o sinh (kd) ' 

sinh (kx) 
H "  = H 0 sinh (kd) 

Hence the magnet ic  field in tensi ty  at  a point  A is 

sinh [k(d -- x)] -- sinh (kx) 
H = H 0 sinh (kd) 
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140  E. I-Ioroszko : Induc t ion  Hea t ing  of F l a t  Objects  

and after mathematical transformations we obtain 
finally' 

s inh[#(~  - -x ) l  

In the same way we can calculate the intensity 
of the electric field at a point A: 

c~ I~ ( ~  -- x)] 

and the current density 

\ - - /  

The energy parameter of the field, i.e. the density 
of the heating power inside the plate is found from 
Joule's law: 

~ cosh~ [h (~-- x)] 
P :  --~r i 2 =  ~ (H~ { d \  (34) 

s inh  2 ~k 

The above relations (31) to (34) determine suffi- 
ciently the propagation of an electromagnetic wave 
in a metal plate heated bilaterally by induction. 
However, the distribution of this field in a plate can 
be best represented similarly as before, i. e. by means 
of a graph. For this purpose the most convenient 
method is to relate the field parameters in the plate 
to the parameters on its surfaces, i.e. H / H  o, E/Eo, 
i/io, and P/Po. 

Calculating thus the field parameters for x = o 
and starting from formulae (31) to (34) we obtain 

sinh k 

[HI- -~/c~ -2~x__ 
 osh 7 

The values of these relations can be represented 
graphically at different depths of the plate, depending 
on x/d, and for different thickness of the plate deter- 
mined by the ratio dig = o.5 " '  5o, for different 
metals and frequencies used in industry. For this 
purpose we must replace the complex functions by 
functions expressed in absolute quantities, and then 
we have : 

d - -  2 x  

- -  - -  c o s  - -  
g 

e ' ( 3 5 )  
- -  - -  C O S  - -  

g 

/ d - -  2 x  d - -  2~: 
] / c o s h - g - -  + c o s -  g 

[ E l _  Ii[ . . . . . . . . .  , (36) 
lEo[ liol V c o s h d  + cos d 

d --  2x d --  2x 
c o s h - -  + c o s - -  

]P[ g g 
IP0l --  d d (37) 

c o s h -  + cos - -  g g 

On the basis of detailed numerical values calculated 
for the particular relations (35), (36) and (37) the 
field parameters of a plate heated bilaterally are 
shown in Fig. 5. 

As it is found, the parameters in each half of the 
plate are identical with those of a plate heated uni- 
laterally, which are shown in Fig. 3- 

The greatest field parameters occur on both outer 
surfaces of the plate, and inside it they decrease to 
a minimum. Thus, e.g. inside the plate H = o, and the 
electric field E and power density p show the smallest 
values. The irregularity of the field distribution is 
thus as large as in case of a plate heated unilaterally, 
and all the conclusions referring to the wave pro- 
pagation, given before, can be applied here, as well. 

The total heating power formed inside a plate 
heated bilaterally is 

d d 

1 (Hok)2 - - - - -  dx = 
P =  p dx = 2- ~ J ( ~d t 

tJ s inh  2 k 
o o \ 27 

d 

f d --  2x d --  2x cosh - -  + cos 

-- Y \'~ / cosh d d 
---- -- C O S -  

o g g 

d d 
sinh--@ sin- 

S0 ~ g g 
= 2gy d d (38) 

cosh- -- cos- 
g g 
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1,0 I o8V !o5 

o.21 

0 0,25 0,50 0,75 100 
x/d = 

,0 

1.6 2,0 
3,0 

0 
0 0.25 0,50 0.75 1,00 

X/d 

I[ 

I,[ 

3,0 

,2 6.0 

0 / ' 
0 0,25 0.50 0,75 1.00 

xld 

Fig .  5. F i e l d  p a r a m e t e r s  i n  a p l a t e  h e a t e d  b i l a t e r a l l y  w i t h  c o m p a t i b l e  c u r r e n t s  

Similarly as before, this total  heating power de- 
pends either on the thickness of the plate or on the 
ratio dig, this relation being expressed by  the co- 
efficient 

d d 
s i n h  - -  + s i n -  

2 =  g g d d (39) 
G o s h  -- -- cos -- 

g g 

This is the same relation that has already been 
indicated by  relation for a unilateral heating of 
a plate, except that  in formula (39) the independent 
variable d is twice as large. On the basis of the graph 
given before in Fig. 3 we may  reach the following 
practical conclusions concerning induction heating: 

The greatest  heating power in plates heated bi- 
laterally with compatible currents is formed when 
their thickness is d < 2.4g. In thicker plates, when 
d ___ 2.4g the value of function 1 according to formula 
(39) is 2 ~ 1, and the total  heating power retains, 
with only small deviations, the same value as for 
a plate heated unilaterally, which is determined by  
formula (24), independent of the plate thickness. 

With the thickness d = r~ .g  the total  heating 
power reaches its minimum, which amounts to 92% 
of the max imum power, according to relation (24). 

What  concerns the results of analysis of the field 
parameters  in a thick plate heated unilateralIy and 
shown in Fig. 4, we may  also in this case maintain 
tha t  a metal  plate of a thickness d ----- 6g, heated bi- 
iaterally, m a y  be practically regarded as a thick 
plate whose field propagation m a y  be analysed ac- 
cording to relations (27) to (3o). The calculations for 
thinner plates of a thickness d < 6g should be carried 
out according to mathemat ica l  formulae (35) to (38). 

Let  us consider now a case of a fiat plate heated 
bilaterally by  inverse currents of equal moduli which 
is illustrated by  the induc t ion  system shown in 
Fig. lC. With the assumed directions of the Poynting 

vectors S O and So of equal values, falling on both 
sides of the plate, and with inversed and equal vec- 
tors E o and E 2 the vectors of the magnetic field in- 
tensity have the same direction and their moduli are 
equal. 

At an arbi t rary point A of a plate there appear  the 
resultant field intensities, i.e. 

H = H ' @ H "  

E = E ' - - E " .  

Making use of the already obtained relations (12) 
and (13) which determine the field intensity compo- 
nents, and after mathemat ica l  transformations,  we 
obta in '  

c~ [~ ( ~ - -  ~)1 
H = H o d ' (4o) 

c o s h  k - -  
2 

y H ~  d (41)  

c o s h  k - -  
2 

the current and the power densities being as follows: 

i = Ho k .  d ' (42) 
c o s h  k 

2 

P = 7~ (Hok7 e 
c o s h  2 k - -  

2 

(43) 

Calculating in the same way as before the field 
parameters  of a plate in absolute quantities and 
relating them to parameters  occurring on the sur- 
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1.0 

o8C 
/ / 2 0  J l ]  
/ / 3 ' 0  I0.6 /. 6'0 

+  ,o:o '7// 
~.. 0.4 kv,-50.O / /  

O 0.25 0,50 0,75 1,00 
x / d ~  

0 

cS/g :0,5 j j  

/ 0 9  

2 / 509 

o ~ J 
0 0,25 0.50 0,75 1,00 

x/d 

i0 

1.0 

L6 

1.4 

.2 

O 
0 

d/g)1.0 I 
/ /  2,0 i 

10,0 J 

0.25 0.50 0,75 1.00 
x t d ~  

Fig .  6. F i e l d  p a r a m e t e r s  i n  a p l a t e  h e a t e d  b i l a t e r a l l y  b y  i n v e r s e  c u r r e n t s  

face of a plate, we have: 

] d - -  2 ,  d - -  2 ,  
IH [ ] /cosh- g + c o S - - - g  

Y01 V a a c o s h - - + c o s - -  
g g 

V d --  2 .  d - -  2 ,  
c o s h - - - - c o s - -  

IEI _ l i l  g g 
lEd Iiol d d ' (45) 

cosh----cos-- 
g g 

d - -  2x d - -  2x 
c o s h - - - - c o s - -  

IPl g g 
JPol d 

cosh----cos-- 
g g 

When comparing the first two of the above rela- 
tions (44) and (45) with relations (35) and (36) w e  
can see tha t  the intensity distribution of the magnetic 
field in a plate heated bilaterally by  means of inverse 
currents is identical with the intensi ty distribution 
of the electrical field in a plate heated by compatible 
currents. The same refers to the electrical field inten- 
sity. On the basis of this s ta tement  it is easy to re- 
present both these cases graphically, as shown in 
Fig. 6. 

T a b l e  4. P o w e r  d e n s i t y  i n  a p l a t e  b y  i n v e r s e  c u r r e n t s  

.I~ a/g 
1.o 2.0 4.0 6.0 l o . o  20.0 

P/P0 0 . 0  1 . 0  

o . l o  0 .6  4 

0 .25 0.25 
0. 5 o.o 

0.75 0.25 
o.9o 0.64 
1 .O 1 .O 

1.o 1.o 1.o 1.o 1.o 

0.62 o,48 0 .30  o. 14 o,o2 
o.24 o.15 0 .06  o.o~ o.o 
O.O O.O 0 . O  O.O O.O 

0.24 o. 15 0 .06  o . o l  o .o  
0.62 0.48 0 .30  o.14 0.02 
1.0 1 ,O 1.0 1.O 1 .O 

The power density, however, runs differently in 
the plate, and in order to represent it graphically in 
Fig. 6 we have made up Table 4 containing its parti-  

(44) cular values. 

I t  follows from the above diagrams tha t  the field 
distribution in a plate heated bilaterally by  inverse 
currents is more uneven than the field in a plate 
heated bilaterally as well, bnt  by  compatible currents. 
This refers in particular to the current and power 
densities in the plate. Thus, e. g. in thick plates both  
these densities disappear, i. e. both  i = o, as well as 
p = o if d > 6g, even in the fairly wide middle par t  
of the plate. Considering this fact as well as taking 

(46) into account the thorough heating of the plate it  is 
the most  disadvantageous method of induction 
heating of flat metal  objects. 

From the point of view of util i ty the most  impor- 
tan t  quant i ty  is the total  heating power of the plate 
which is defined as follows: 

d d 

f p s176 - - P dx dx 
Y t g / . ]  cosh d__ + cos ~-- 

o o g g 

d d 
s i n h  - -  - -  s i n -  ~ g g 

- -  2g7" d d (47) 
c o s h  - -  + cos  - -  

g g 

This power depends also on the plate thickness d, 
and this fact is indicated in formula (47) by  the 
coefficient 

d d 
s i n h -  - -  s i n -  

g g 
2 d d (48) 

c o s h  - -  + cos - -  
g g 
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E. Horoszko: Induction Heating of Flat Objects 

Table 5. Function ~ of a plate heated bilaterally by inverse currents 

dig o o, 5 1,o 2 .0  J~ 5 ,o  27I 8 3J/ lO 4 ~  

2~ o 0 .02  o . 1 6  0 .82  1.o 9 1.Ol  o . 9 9  1 .oo  1 .oo  1 .oo  1 .oo  

143 

which constitutes the function 2 = f (d/g)  which chan- 
ges its value within the range from 2 ~ o to 2 = 1, 
while the thickness of the plate changes within the 
limits d = o to d = co. This function is represented 
by a graph Fig. 7 drawn on the basis of Table 5. 

This function assumes changing values of 2; at 
d / g < = 2 . 4  we have 2 ~ 1 ,  whereas at d / g >  2.4 
A ~ 1, reaching its maximum 2 = 1.o 9 at d/g = ~. 
If  the thickness of the plate increases to d = co, then 
the total heating power becomes stable, and practi- 
cally no longer depends on the thickness of the plate. 
I t  is expressed by the following formula: 

H~ 
P - -  2gy 

1,2 

1,0 08__ / / 
I e,6 ~,t= fcd/o) i 

o,4 

0,2 

J 
0 1 2 3 4 5 5 7 8 9 10 

d / g ~  

Graph of the function ~ =f(d/g) of a plate healed 
bilaterally by inverse currents 

Fig. 7- 

Reaching practical conclusions from function 2 and 
from relation (47) we can state that flat objects of a 
thickness d => 2,4 g can be advantageously heated by 
inverse currents. With lesser thickness of plates the 
total heating power decreases rapidly since the in- 
verse currents annihilate each other. At a thickness 
d = 7cg the heating power reaches its maximum value 
which is only by 9% greater than the heating power 
of a very thick plate, for which 2 = 1. 

This kind of bilateral induction heating of flat 
plates by means of inverse currents could be recom- 
mended for surface heating, e. g. for the purpose of 

hardening thick plates, in which, on account of the 
annihilation process of inverse currents the heating 
of both layers shows greater "contrast"  than this 
is the case in plates heated by compatible currents. 
When heating is being done by means of inverse 
currents both the heated "layers" of the plate become 
more distinguished by heat production from the 
rest, i. e. from the deeper layers of the plate. 

Summary 

In the above discussion we have taken into consi- 
deration flat objects only, heated in three different 
ways. Yet it is possible to prove that  the reasoning, 
calculations and conclusions given above can be 
applied to plates of a cylindrical shape, the outer 
diameter D of which satisfies the following condition: 

-v/2____ 16. g 

Then, admittedly, we shall have to deal with a 
cylindrical propagation of an electromagnetic wave, 
but it can be replaced by a plane wave at such great 
outer diameters of the cylinders. The calculation 
errors made in this case are practically negligible. 
Thus the calculations and conclusions given above 
attain greater importance for practical application 
in industry. 
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